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Abstract
Let G be a locally compact group. We show that its Fourier algebra A(G) is
amenable if and only if G has an abelian subgroup of finite index, and that its Fourier–
Stieltjes algebra B(G) is amenable if and only if G has a compact, abelian subgroup
of finite index. We then show that A(G) is weakly amenable if the component of the
identity of G is abelian, and we prove some partial results towards the converse.
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bounded maps.
2000 Mathematics Subject Classification: 22D25, 22E99, 43A30, 46H20 (primary), 46H25, 47L50.
Introduction
In [Joh 1], B. E. Johnson initiated the theory of amenable Banach algebras. He proved
that the amenable locally compact groups G can be characterized through a cohomo-
logical triviality condition for the group algebra L1(G). This triviality condition can be
formulated for any Banach algebra and is used to define the class of amenable Banach
algebras.
The Fourier algebra A(G) of a locally compact group G was introduced by P. Eymard
in [Eym]. Since an amenable Banach algebra always has a bounded approximate identity,
Leptin’s theorem ([Lep]) immediately yields that A(G) can be amenable only for amenable
G.
The first to systematically investigate which locally compact groups have amenable
Fourier algebras was Johnson in [Joh 3]. For any locally compact group G, let Gˆ denote
its dual object, i.e. the collection of all equivalence classes of irreducible unitary represen-
tations of G. For π ∈ Gˆ, let dπ denote its degree, i.e. the dimension of the corresponding
Hilbert space. For compact G, Johnson showed: If sup{dπ : π ∈ Gˆ} < ∞, then A(G) is
amenable, whereas, for infinite G such that {π ∈ Gˆ : dπ = n} is finite for each n ∈ N, the
∗Research supported by NSERC under grant no. 90749-00.
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Fourier algebra cannot be amenable. Hence, for example, A(SO(3)) is not amenable; in
fact, it is not even weakly amenable ([Joh 3, Corollary 7.3]).
Soon after Johnson, A. T.-M. Lau, R. J. Loy, and G. A. Willis ([L–L–W]) — and,
independently, the first-named author in [For 4] — extended one of Johnson’s results by
showing that any locally compact group G having an abelian subgroup of finite index has
an amenable Fourier algebra (this condition is equivalent to sup{dπ : π ∈ Gˆ} < ∞; see
[Moo]).
As the predual of the group von Neumann algebra VN(G), the Fourier algebra A(G)
has a canonical operator space structure with respect to which multiplication is completely
contractive (see [E–R]). Adding operator space overtones to Johnson’s definition of an
amenable Banach algebra, Z.-J. Ruan ([Rua]) introduced a variant of amenability —
called operator amenability — for which an analog of Johnson’s theorem for A(G) is
true: A locally compact group G is amenable if and only if A(G) is operator amenable
([Rua, Theorem 3.6]). There are further results that suggest that in order to deal with
amenability and its variants for the Fourier algebra, one has to take the canonical operator
space structure into account. For example, N. Spronk proved in [Spr] that A(G) is operator
weakly amenable for every locally compact group G.
Nevertheless, the question for which locally compact groups G precisely the Fourier
algebra A(G) is amenable ([Run 1, Problem 14]) or weakly amenable remains an intriguing
open problem. No locally compact groups besides those with an abelian subgroup of finite
index are known to have an amenable Fourier algebra. In view of [Joh 3] and [Los], it is
plausible to conjecture that these are the only ones. In the present paper, we prove this
conjecture.
As far as the weak amenability of the Fourier algebra is concerned, we prove that, if
the component of the identity of a locally compact grup G is abelian, then A(G) is weakly
amenable. We believe, but have been unable to prove, that the converse holds as well.
We introduce the formally stronger notion of hereditary weak amenability, and then show
for [SIN]-groups, that the hereditary weak amenability of A(G) forces the component of
the identity of G to be abelian.
Part of the material in this paper has been taken from the unpublished manuscripts
[For 4] and [Run 3] which it supersedes.
1 Preliminaries
Let A be a Banach algebra, and let E be a Banach A-bimodule. A derivation D : A→ E
is a bounded, linear map satisfying
D(ab) = a ·Db+ (Da) · b (a, b ∈ A).
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A derivation D is called inner if there is x ∈ E such that
Da = a · x− x · a (a ∈ A).
The dual space E∗ of E becomes a Banach A-bimodule via
〈x, a · φ〉 := 〈x · a, φ〉 and 〈x, φ · a〉 := 〈a · x, φ〉 (a ∈ A, φ ∈ E∗, x ∈ E).
Modules of this kind are called dual Banach A-bimodules.
We recall the definition of an amenable Banach algebra from ([Joh 1]):
Definition 1.1 A Banach algebra A is said to be amenable if every derivation from A
into a dual Banach A-bimodule is inner.
For the theory of amenable Banach algebra, see [Joh 1] and [Run 1].
For many purposes, it is convenient and even necessary not to use Definition 1.1, but
equivalent, more intrinsic characterizations. The following is also due to Johnson.
Let ⊗ˆ denote the projective tensor product of Banach spaces. If A is a Banach algebra,
A⊗ˆA becomes a Banach A-bimodule via
a · (x⊗ y) := ax⊗ y and (x⊗ y) · a := x⊗ ya (a, x, y ∈ A).
Multiplication induces a bounded linear map ∆: A⊗ˆA→ A. An approximate diagonal for
A is a bounded net (dα)α in A⊗ˆA such that
a · dα − dα · a→ 0 (a ∈ A)
and
a∆dα → a (a ∈ A).
The existence of an approximate diagonal characterizes the amenable Banach algebras
([Joh 2]):
Theorem 1.2 The following are equivalent for a Banach algebra A:
(i) A is amenable.
(ii) A has an approximate diagonal.
This characterization allows to introduce a quantitative aspect into the notion of an
amenable Banach algebra: The amenability constant of a Banach algebra A is the smallest
C ≥ 1 such that A has an approximate diagonal bounded by C.
We also require another characterization of amenable Banach algebras. For a Banach
algebra A, let Aop denote the same algebra with reversed multiplication. Then ker∆
becomes a left ideal in A⊗ˆAop.
The following is [Hel, Proposition VII.2.15]:
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Proposition 1.3 The following are equivalent for a Banach algebra A:
(i) A is amenable.
(ii) A has a bounded approximate identity, and the left ideal ker∆ of A⊗ˆAop has a
bounded right approximate identity.
Let A be a Banach algebra. A Banach A-bimodule E is called symmetric if
a · x = x · a (a ∈ A, x ∈ E).
The following definition is from [B–C–D]:
Definition 1.4 A commutative Banach algebra A is said to be weakly amenable if there
is no non-zero derivation from A into a symmetric Banach A-bimodule.
It is easy to see that weak amenability is indeed weaker than amenability.
Definition 1.4 is of little use for non-commutative A. Even though it is possible to
extend the notion of weak amenability meaningfully to non-commutative Banach algebras,
we content ourselves with this definition: all the algebras we consider are commutative.
The hereditary properties of weak amenability for commutative Banach algebras — which
parallel those of amenability — are discussed in [Grø].
The algebras we are concerned with in this paper were introduced in [Eym]. Let G
be a locally compact group. Then the Fourier algebra A(G) of G is the collection of all
functions
G→ C, x 7→ 〈λ(x)ξ, η〉,
where ξ, η ∈ L2(G) and λ is the left regular representation of G on L2(G). The Fourier–
Stieltjes algebra B(G) of G consists of all functions
G→ C, x 7→ 〈π(x)ξ, η〉,
where π is some unitary representation of G on a Hilbert space H — always presumed to
be continuous with respect to the given topology on G and the weak operator topology on
B(H) — and ξ, η ∈ H. For more information on A(G) and B(G), in particular for proofs
that they are indeed Banach algebras, we refer to [Eym].
Let VN(G) denote the group von Neumann algebra of the locally compact group G,
i.e. the von Neumann algebra acting on L2(G) that is generated by λ(G). As the unique
predual of VN(G), the Fourier algebra A(G) carries a canonical operator space structure
(see [E–R] for the necessary background from operator space theory; for more on the
operator space A(G), see [F–W]). Similarly, B(G) — as the dual space of the full group
C∗-algebra C∗(G) — is an operator space in a canonical manner.
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For any function f on a group G, we define a function fˇ by letting fˇ(x) := f(x−1)
for x ∈ G. The following is a compilation of known facts which show that the canonical
operator space structure of the Fourier algebra is considerably finer than the mere Banach
space structure:
Proposition 1.5 Let G be a locally compact group. Then the algebra homomorphism
θ∗ : A(G)→ A(G), f 7→ fˇ
(i) is an isometry,
(ii) but is completely bounded if and only if G has an abelian subgroup of finite index.
Proof (i) is well known (see [Eym]), and the “if” part of (ii) follows from [F–W, Theorem
4.5].
For any Banach space E over C, let E denote its complex conjugate space, i.e. the
complex Banach space for which scalar multiplication is defined via λ⊙x := λ¯x for λ ∈ C
and x ∈ E. It is easy to see that pointwise conjugation is a complete isometry from A(G)
to A(G). Consequently, if θ∗ is completely bounded, so is
θ¯∗ : A(G)→ A(G), f 7→
¯ˇf.
with ‖θ¯∗‖cb = ‖θ∗‖cb. The adjoint of θ¯∗, however, is nothing but forming the Hilbert
space adjoint
θ¯ : VN(G)→ VN(G), T 7→ T ∗,
which then also has to be completely bounded (with the same cb-norm) by [E–R, Propo-
sition 3.2.2].
We claim that this forces VN(G) to be subhomogeneous, i.e. the irreducible representa-
tions of VN(G) are finite-dimensional, and their degrees are bounded. Assume otherwise.
The structure theory of von Neumann algebras then entails that VN(G) contains the full
matrix algebra Mn as a
∗-subalgebra for each n ∈ N (see, e.g., [Run 1, Chapter 6] for
details). For n ∈ N, let θn : Mn →Mn stand for taking the transpose of an n× n-matrix.
Since entrywise conjugation of matrices is a complete isometry, it follows from [E–R,
Proposition 2.2.7] that
n = ‖θn‖cb = ‖θ¯|Mn‖cb ≤ ‖θ¯‖cb = ‖θ¯∗‖cb = ‖θ∗‖cb (n ∈ N),
which is impossible. Hence, VN(G) is subhomogeneous.
Let m ∈ N be such that every irreducible representation of VN(G) has degree m
or less. Then VN(G) satisfies the (non-commutative) polynomial identity S2m = 0 (see
[A–D] for details), as does its subalgebra L1(G). By [A–D, Lemma 3.4(i)], the full group
C∗-algebra C∗(G) then also satisfies S2m = 0, which, by [A–D, Lemma 3.4(ii)], means
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that the degrees of the irreducible representations of C∗(G) are bounded by m as well.
This, in turn, entails that sup{dπ : π ∈ Gˆ} ≤ m, so that G must have an abelian subgroup
of finite index by [Moo, Theorem 1].
This proves the “only if” part of (ii). ⊓⊔
2 (Non-)amenability of A(G) and B(G)
To prove that every locally compact group with amenable Fourier algebra has an abelian
subgroup of finite index, we proceed rather indirectly.
The anti-diagonal of a (discrete) group G is defined as
ΓG := {(x, x
−1) : x ∈ G}.
It is clear that ΓG is a subgroup of G×G if and only if G is abelian.
For certain, possibly non-abelian G, the anti-diagonal is at least not very far from
being a subgroup:
Example Let G be a group with an abelian subgroup, say A, of finite index. Let
x1, . . . , xn ∈ G be representatives of the left cosets of A. For j = 1, . . . , n, define
Aj :=
{
(a, xja
−1x−1j ) : a ∈ A
}
,
so that
ΓG = (x1, x
−1
1 )A1 ∪ · · · ∪ (xn, x
−1
n )An.
Hence, ΓG is at least a finite union of left cosets in G×G.
The coset ring Ω(G) of a group G is the ring of subsets generated by all left cosets of
subgroups of G. The example shows that ΓG ∈ Ω(G × G) if G has an abelian subgroup
of finite index. Our first goal in this section, is to prove the converse, namely that ΓG lies
in the coset ring of G×G only if G has such a subgroup.
The coset ring of a group is crucial in the definition of piecewise affine maps (see,
[Hos], for example): Let G and H be groups, and let S ∈ Ω(H). Then a map α : S → G
is called piecewise affine if:
(a) there are pairwise disjoint S1, . . . , Sn ∈ Ω(H) with S =
⋃n
j=1 Sj ;
(b) for each j = 1, . . . , n, there is a subgroup Hj of H and an element xj ∈ H such that
Sj ⊂ xjHj;
(c) for each j = 1, . . . , n and with xj and Hj as before, there is a group homomorphism
βj : Hj → G and an element yj ∈ G such that α(y) = yjβj(x
−1
j y) for y ∈ Sj.
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The following lemma is contained in [I–S, Proposition 3.1] (and originally from M.
Ilie’s thesis [Ili]). We quote it here for convenience:
Lemma 2.1 Let G and H be discrete groups, let S ∈ Ω(H), let α : S → G be piecewise
affine, and let θ : A(G)→ B(H) be given by
θ(f)(x) :=
{
f(α(x)), x ∈ S,
0, x /∈ S,
for f ∈ A(G) and x ∈ H. Then θ is a completely bounded algebra homomorphism.
With the help of this lemma, we can now prove:
Proposition 2.2 The following are equivalent for a (discrete) group G:
(i) ΓG ∈ Ω(G×G).
(ii) G has an abelian subgroup of finite index.
Proof In view of the example at the beginning of this section, only (i) =⇒ (ii) needs
proof.
Suppose that ΓG ∈ Ω(G×G). From [Rud, 4.3.1, Theorem], it follows that
G→ G, x 7→ x−1
is piecewise affine. (Even though [Rud, 4.3.1, Theorem] is stated and proved for abelian
groups only, it is true for arbitrary G; see [I–S, Lemma 1.2(ii)].) Lemma 2.1 then yields
that θ∗ : A(G)→ A(G) in Proposition 1.5 is completely bounded, so that G must have an
abelian subgroup of finite index by Proposition 1.5(ii). ⊓⊔
Remark Since the sets in the coset ring of a group allow for a rather explicit description
(see [For 2]), a more elementary proof of Proposition 2.2 should be possible.
We shall now characterize those locally compact groups with an amenable Fourier
algebra:
Theorem 2.3 The following are equivalent for a locally compact group G:
(i) A(G) is amenable.
(ii) G has an abelian subgroup of finite index.
Proof In view of [L–L–W, Theorem 4.1], only (i) =⇒ (ii) needs proof.
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By Proposition 1.3, the kernel of ∆: A(G)⊗ˆA(G)→ A(G) has a bounded approximate
identity, say (uα)α∈A. For each α ∈ A, there are sequences
(
f
(α)
k
)∞
k=1
and
(
g
(α)
k
)∞
k=1
in
A(G) such that
∞∑
k=1
∥∥∥f (α)k ∥∥∥ ∥∥∥g(α)k ∥∥∥ <∞ and uα =
∞∑
k=1
f
(α)
k ⊗ g
(α)
k .
Thanks to Proposition 1.5(i), we may define a bounded net (vα)α∈A in A(G)⊗ˆA(G) by
letting
vα =
∞∑
k=1
f
(α)
k ⊗ gˇ
(α)
k (α ∈ A).
It is immediate that (vα)α∈A is a bounded approximate identity for the kernel of
Γ: A(G)⊗ˆA(G)→ A(G), f ⊗ g 7→ f gˇ.
For f, g ∈ A(G), the function
G×G→ C, (x, y) 7→ f(x)g(y)
lies in A(G×G): this induces a canonical contraction from A(G)⊗ˆA(G) to A(G×G) (note
that, by [Los], we cannot a priori suppose that A(G)⊗ˆA(G) ∼= A(G ×G)). Nevertheless,
we can use this canonical inclusion to identify the elements of A(G)⊗ˆA(G) with elements
of A(G×G). Define
I :=
{
f ∈ A(G×G) : lim
α
fvα = f
}
.
Then I is a closed ideal of A(G ×G) which contains (the canonical image of) ker Γ and,
by definition, has a bounded approximate identity. Since G — and thus G × G — is
amenable, [F–K–L–S, Theorem 2.3] applies. Hence, I must be of the form
I(F ) := {f ∈ A(G×G) : f |F ≡ 0},
where F is the hull of I in G×G; furthermore, this hull must be contained in Ω(G×G).
Since (vα)α lies in ker Γ, it is easy to see that ΓG ⊂ F , and since (vα)α converges pointwise
to the indicator function of (G × G) \ ΓG, the converse inclusion holds as well. Hence,
ΓG = F ∈ Ω(G × G) holds. From Proposition 2.2, we conclude that G has an abelian
subgroup of finite index. ⊓⊔
Remarks 1. The results from [Joh 3] indicate that the amenability constant of A(G)
and the maximum degree of the irreducible representations of G are likely to be
closely related. It would be interesting to further investigate this possible relation.
2. In [Run 2], the second-named author introduced another operator space structure,
denoted by OA(G), over the Fourier algebra A(G) which, in general, is different
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from the canonical one — even though both have the same underlying Banach
space. The operator space OA(G) is a completely contractive Banach algebra in
the sense of [Rua]. At the end of [Run 2], the author conjectured that OA(G) is
operator amenable if and only if G is amenable. Thanks to [Run 2, Proposition 2.4],
however, the proof of Theorem 2.3 can easily be adapted to yield that OA(G) is
operator amenable if and only if G has an abelian subgroup of finite index.
With Theorem 2.3 proven, the corresponding assertion for Fourier–Stieltjes algebras
is easy to obtain:
Corollary 2.4 The following are equivalent for a locally compact group G:
(i) B(G) is amenable.
(ii) G has a compact, abelian subgroup of finite index.
Proof (i) =⇒ (ii): Since A(G) is a complemented ideal in B(G), the hereditary properties
of amenability immediately yield the amenability of A(G) ([Run 1, Theorem 2.3.7]), so
that G has an abelian subgroup A of finite index by Theorem 2.3. We may replace A by
its closure and thus suppose that A is closed. Since A is then automatically open, the
restriction map from B(G) to B(A) is surjective. Hence, B(A) is also amenable by [Run 1,
Proposition 2.3.1]. Let Aˆ denote the dual group of A. The Fourier–Stieltjes transform
yields an isometric algebra isomorphism of B(A) and the measure algebra M(Aˆ), so that
M(Aˆ) is amenable. Amenability of M(Aˆ), however, forces Aˆ to be discrete ([B–M]; see
also [D–G–H] for a more general result). Hence, A must be compact.
(ii) =⇒ (i): If G has a compact, abelian subgroup of finite index, then G itself is
compact, so that B(G) = A(G) is amenable by Theorem 2.3. ⊓⊔
Remark Corollary 2.4 characterizes the locally compact groups G for which B(G) is
amenable. The corresponding — and in a certain sense more natural — characterization
for operator amenability seems to by still open. A partial result can be found in [R–S].
Another consequence of Theorem 2.3 — slightly extending it — is:
Corollary 2.5 The following are equivalent for a locally compact group G with at least
two elements:
(i) G has an abelian subgroup of finite index.
(ii) A(G) is amenable.
(iii) I(H) is amenable for each closed proper subgroup H of G.
(iv) I({e}) is amenable.
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(v) I(H) is amenable for some closed proper subgroup H of G.
Proof (i) ⇐⇒ (ii) is Theorem 2.3.
(ii) =⇒ (iii): By [F–K–L–S, Theorem 1.5], I(H) has a bounded approximate identity
and thus is amenable by [Run 1, Theorem 2.3.7].
(iii) =⇒ (iv) =⇒ (v) are trivial.
(iv) =⇒ (ii): Let x ∈ G \H, so that xH ∩H = ∅. Then I(xH) ∼= I(H) is amenable.
Restriction toH, maps I(xH) onto a dense subalgebra of A(H), so that A(H) is amenable.
Since I(H) is just the kernel of the restriction map, the amenability of A(G) follows from
[Run 1, Theorem 2.3.10]. ⊓⊔
3 Weak amenability of A(G)
In [Joh 3], Johnson showed that A(G) is weakly amenable whenever G is a totally discon-
nected, compact group, and soon thereafter, the first-named author extended this result
to arbitrary totally disconnected, locally compact groups ([For 3, Theorem 5.3]): this
shows already that weak amenability of the Fourier algebra imposes considerably weaker
constraints on the underlying group than amenability. In this section, we shall present a
sufficient condition — which we believe to be necessary as well — which forces a locally
compact group to have a weakly amenable Fourier algebra and which subsumes [For 3,
Theorem 5.3].
We begin with an elementary hereditary lemma:
Lemma 3.1 Let G be a locally compact group, and let H be a closed subgroup of G. Then:
(i) If A(G) is weakly amenable, then so is A(H).
(ii) If H is open, and if A(H) is weakly amenable, then so is A(G).
Proof Since A(H) is a quotient of A(G) by [For 1, Lemma 3.8], (i) follows immediately
from the basic hereditary properties of weak amenability for commutative Banach algebras
([Grø]).
For (ii), let E be a symmetric Banach A(G)-bimodule, and let D : A(G) → E be a
derivation. Let f ∈ A(G) have compact support, and let x1, . . . , xn ∈ G be such that
supp(f) ⊂ x1H ∪ · · · ∪ xnH. For j = 1, . . . , n, let χj ∈ B(G) be the indicator function of
xjH. Then Aj := χjA(G) is a commutative subalgebra of A(G) isometrically isomorphic
to A(H). Since A(H) is weakly amenable, D|Aj ≡ 0 for j = 1, . . . , n follows. In particular,
D(χjf) = 0 holds for j = 1, . . . , n; since f = χ1f + · · · + χnf , it follows that Df = 0.
Since the elements with compact support are dense in A(G), we obtain that D is zero on
all of A(G). ⊓⊔
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For every locally compact group G, we shall denote the component of G containing
the identity element by Ge. It is well known that Ge is a closed, normal subgroup of G.
Our main result in this section (Theorem 3.3 below) is that that A(G) is weakly amenable
whenever Ge is abelian.
We first prove a lemma:
Lemma 3.2 Let G be a locally compact group such that Ge is abelian, and let K be a
compact, normal subgroup of G such that G/K is a Lie group. Then A(G/K) is weakly
amenable.
Proof The component of the identity of G/K is π(Ge)
−, where π : G → G/K is the
quotient map ([H–R, (7.12) Theorem]). Thus, if Ge abelian, so is (G/K)e; in particular,
A((G/K)e) is weakly amenable. Since G/K is a Lie group, (G/K)e is open. It follows
from Lemma 3.1(ii) that A(G/K) is weakly amenable. ⊓⊔
Theorem 3.3 Let G be a locally compact group such that Ge is abelian. Then A(G) is
weakly amenable.
Proof We shall first treat the case where G is almost connected, i.e. where G/Ge is
compact.
Let E be a symmetric Banach A(G)-bimodule, let D : A(G) → E be a derivation, let
f ∈ A(G) be arbitrary, and let ǫ > 0. We claim that ‖Df‖ ≤ ǫ: since ǫ > 0 is arbitrary,
this is enough to conclude that Df = 0.
For x ∈ G, define the right translate Rxf of f by x as (Rxf)(y) := f(yx) for y ∈ G.
Since G ∋ x 7→ Rxf ∈ A(G) is continuous with respect to the norm topology on A(G)
([Eym]), there is a neighborhood U of the identity in G such that ‖f −Rxf‖ <
ǫ
1+‖D‖ for
all x ∈ U . By [Pal, 12.2.15 Theorem], there is a compact, normal subgroup K ⊂ U of G
such that G/K is a Lie group. Define PK : A(G)→ A(G) by letting
PKf :=
∫
K
Rxf dx (f ∈ A(G)),
where the integral is a Bochner integral with respect to normalized Haar measure on K.
It follows that
‖f − PKf‖ ≤
∫
K
‖f −Rxf‖ dx ≤
ǫ
1 + ‖D‖
(f ∈ A(G)).
It is easy to see that PK is a projection onto A(G : K), the subalgebra of A(G) consisting
of those functions that are constant on cosets of K; this algebra is isometrically isomorphic
to A(G/K) ([Eym]). Since A(G : K) ∼= A(G/K) is weakly amenable by Lemma 3.2, we
have D|A(G:K) ≡ 0 and, consequently,
‖Df‖ = ‖Df −D(PKf)‖ ≤ ‖D‖‖f − PKf‖ ≤ ǫ.
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This proves our claim.
For arbitrary locally compact G, note that G has an open, almost connected subgroup
H (this follows, for instance, from [H–R, (7.7) Theorem]). Since A(G) is weakly amenable
if and only if this is true for A(H) by Lemma 3.1(ii), the claim for general G follows from
the almost connected case. ⊓⊔
As we already stated at the beginning of this section, we believe that the sufficient
condition of Theorem 3.3 for the weak amenability of the Fourier algebra is also necessary,
but we have not been able to prove it. If this conjecture is correct, it implies that no non-
abelian, connected group can have a weakly amenable Fourier algebra.
The following proposition is a small step into this converse direction:
Proposition 3.4 Let G be a Lie group such that A(G) is weakly amenable. Then every
compact subgroup of G has an abelian subgroup of finite index.
Proof Let K be a compact subgroup of G. If A(G) is weakly amenable, then Lemma
3.1(i) implies that A(K) is also weakly amenable. For the same reason, A(Ke) is weakly
amenable. ButKe is a compact connected Lie group. It follows from the remarks following
[Joh 3, Corollary 7.3] that Ke is abelian. Finally, Ke is open in the compact Lie group K
and is therefore of finite index. ⊓⊔
The equivalence of (i) and (iii) in the next corollary can be already be found in [L–L–W,
Proposition 4.4]:
Corollary 3.5 Let G be an almost connected, semisimple Lie group. Then the following
are equivalent:
(i) A(G) is amenable.
(ii) G is amenable, and A(G) is weakly amenable.
(iii) G is finite.
Proof (i) =⇒ (ii) is obvious.
For (ii) =⇒ (iii), simply note that, if G is amenable, then it is already compact ([Pat,
Theorem 3.8]). It follows from Proposition 3.4 Ge is both semisimple and abelian. This
means that Ge is trivial and, in turn, that G is finite.
(iii) =⇒ (i) is trivial. ⊓⊔
Let K be a compact normal subgroup of the locally compact group G. In the proof
of Theorem 3.3, we made crucial use of the fact that A(G) contains a closed subalgebra
A(G : K) which is isometrically isomorphic to A(G/K). There ought to be a strong
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connection between the weak amenability of A(G) and that of A(G/K): otherwise, it
would be extremely unlikely that any reasonable structural characterization exists of those
G for which A(G) is weakly amenable. However, since subalgebras generally do not inherit
weak amenability, we cannot conclude (yet) that, if A(G) is weakly amenable, then so is
A(G/K).
This prompts us to formulate the following definition:
Definition 3.6 Let G be a locally compact group. We say that A(G) is hereditarily
weakly amenable if A(G/K) is weakly amenable for every compact normal subgroup K of
G.
Remark If Ge is abelian, then so is (G/K)e for each compact normal subgroup K of G.
Hence, the only examples of locally compact groups G for which we positively know that
A(G) is weakly amenable, also satisfy the formally stronger Definition 3.6.
Recall that a locally compact group G is called a [SIN]-group if it has a basis of
neighborhoods of the identity consisting of sets that are invariant under conjugation.
With Definition 3.6 in place of mere weak amenability, we can prove a converse of
Theorem 3.3 for [SIN]-groups:
Theorem 3.7 Let G be a [SIN]-group. Then A(G) is hereditarily weakly amenable if and
only if Ge is abelian.
Proof In view of the remark following Definition 3.6, it is clear that A(G) is hereditarily
weakly amenable whenever Ge is abelian (this does not require G to be a [SIN]-group).
Conversely, suppose that A(G) is hereditarily weakly amenable. Since G is a [SIN]-
group, there are a vector group V and a compact group K such that
Ge ∼= V ×K
(see [Pal, 12.4.48 Theorem]). If K is not abelian, we can find x, y ∈ K and a neighborhood
U in G of the identity such that the commutator [x, y] does not lie in U . Since G is a
[SIN]-group, U contains a compact normal subgroup KU such that G/KU is a Lie group
(see [Pal, 12.6.12]). Let πU : G→ G/KU be the quotient map. Then πU(K) is a compact
connected Lie group. From the choice of U , it is clear that πU (K) is not abelian in
G/KU . We know that A(G/KU ) is weakly amenable because A(G) is hereditarily weakly
amenable, and Lemma 3.1(i) implies that A(πU (K)) is also weakly amenable. Since πU (K)
is a non-abelian, compact, connected Lie group, this is impossible by Proposition 3.4. We
conclude that K is abelian, so that Ge is also abelian. ⊓⊔
Recall that a locally compact group G is called an [IN]-group if the identity of G has
a compact neighborhood which is invariant under conjugation.
We conclude this paper with a corollary of Theorem 3.7:
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Corollary 3.8 Let G be a locally compact [IN]-group such that A(G) is hereditarily weakly
amenable. Then there exists a compact normal subgroup K of Ge such that Ge/K is
abelian.
Proof Since G is an [IN]-group, there is a compact normal subgroup N of G such that
G/N is a [SIN]-group (see [Pal, 12.1.31 Theorem]). It is easy to see that the hereditary
weak amenability of A(G) forces A(G/N) to be hereditarily weakly amenable as well. By
Theorem 3.7, this means that (G/N)e is abelian. Letting K := Ge ∩ N and observing
that (G/N)e ∼= Ge/K yields the result. ⊓⊔
References
[A–D] E. Albrecht and H. G. Dales, Continuity of homomorphisms from C∗-algebras
and other Banach algebras. In: J. M. Bachar et al. (ed.s), Radical Banach Alge-
bras and Automatic Continuity, Lectures Notes in Mathematics 975, pp. 375–396.
Sprinver Verlag, 1983.
[B–C–D] W. G. Bade, P. C. Curtis, Jr., and H. G. Dales, Amenability and weak ame-
nability for Beurling and Lipschitz algebras. Proc. London Math. Soc. 55 (1987),
359–377.
[B–M] G. Brown and W. Moran, Point derivations on M(G). Bull. London Math. Soc. 8
(1976), 57–64.
[D–G–H] H. G. Dales, F. Ghahramani, andA. Ya. Helemski˘ı, The amenability of measure
algebras. J. London Math. Soc. (2) 66 (2002), 213–226.
[E–R] E. G. Effros and Z.-J. Ruan, Operator Spaces . Oxford University Press, 2000.
[Eym] P. Eymard, L’alge`bre de Fourier d’un groupe localement compact. Bull. Soc. Math.
France 92 (1964), 181–236.
[For 1] B. E. Forrest, Amenability and bounded approximate identities in ideals of A(G).
Illinois J. Math. 34 (1987), 1–25.
[For 2] B. E. Forrest, Amenability and ideals in A(G). J. Austral. Math. Soc. A 53 (1992),
143–155.
[For 3] B. E. Forrest, Fourier analysis on coset spaces.Rocky Mountain J. Math. 28 (1998),
173–190.
[For 4] B. E. Forrest, Amenability and weak amenability of the Fourier algebra. Preprint
(2000).
[F–W] B. E. Forrest and P. J. Wood, Cohomology and the operator space structure of
the Fourier algebra and its second dual. Indiana Univ. Math. J. 50 (2001), 1217–1240.
[F–K–L–S] B. E. Forrest, E. Kaniuth, A. T.-M. Lau, and N. Spronk, Ideals with bounded
approximate identities in Fourier algebras. J. Funct. Anal. 203 (2003), 286–304.
[Grø] N. Grønbæk, A characterization of weakly amenable Banach algebras. Studia Math.
94 (1989), 149–162.
14
[Hel] A. Ya. Helemski˘ı, The Homology of Banach and Topological Algebras (translated
from the Russian). Kluwer Academic Publishers, 1989.
[H–R] E. Hewitt and K. A. Ross, Abstract Harmonic Analysis , I. Springer Verlag, 1963.
[Hos] B. Host, Le the´ore`me des idempotents dans B(G). Bull. Soc. Math. France 114
(1986), 215–223.
[Ili] M. Ilie, Homomorphisms of Fourier Algebras and Coset Spaces of a Locally Compact
Group. Ph.D. thesis, University of Alberta, 2003.
[I–S] M. Ilie and N. Spronk, Completely bounded homomorphisms of the Fourier alge-
bras. Preprint (2004).
[Joh 1] B. E. Johnson, Cohomology in Banach algebras. Mem. Amer. Math. Soc. 127
(1972).
[Joh 2] B. E. Johnson, Approximate diagonals and cohomology of certain annihilator Ba-
nach algebras. Amer. J. Math. 94 (1972), 685–698.
[Joh 3] B. E. Johnson, Non-amenability of the Fourier algebra of a compact group. J.
London Math. Soc. (2) 50 (1994), 361–374.
[L–L–W] A. T.-M. Lau, R. J. Loy, and G. A. Willis, Amenability of Banach and C∗-
algebras on locally compact groups. Studia Math. 119 (1996), 161–178.
[Lep] H. Leptin, Sur l’alge`bre de Fourier d’un groupe localement compact. C. R. Acad.
Sci. Paris , Se´r. A 266 (1968), 1180–1182.
[Los] V. Losert, On tensor products of Fourier algebras. Arch. Math. (Basel) 43 (1984),
370–372.
[Moo] C. C. Moore, Groups with finite dimensional irreducible representations. Trans.
Amer. Math. Soc. 166 (1972), 401–410.
[Pal] T. W. Palmer, Banach Algebras and the General Theory of ∗-Algebras , II. Cam-
bridge University Press, 2001.
[Pat] A. L. T. Paterson, Amenability. American Mathematical Society, 1988.
[Rua] Z.-J. Ruan, The operator amenability of A(G). Amer. J. Math. 117 (1995), 1449–
1474.
[Rud] W. Rudin, Fourier Analysis on Groups . Wiley-Interscience, 1990.
[Run 1] V. Runde, Lectures on Amenability. Lecture Notes in Mathematics 1774, Springer
Verlag, 2002.
[Run 2] V. Runde, Operator Figa`-Talamanca–Herz algebras. Studia Math. 155 (2003), 153–
170.
[Run 3] V. Runde, (Non-)amenability of Fourier and Fourier–Stieltjes algebras. Preprint
(2002).
[R–S] V. Runde and N. Spronk, Operator amenability of Fourier-Stieltjes algebras.Math.
Proc. Cambridge Phil. Soc. 136 (2004), 675–686.
15
[Spr] N. Spronk, Operator weak amenability of the Fourier algebra. Proc. Amer. Math.
Soc. 130 (2002), 3609–3617.
[June 4, 2018]
First author’s address: Department of Pure Mathematics
University of Waterloo
Waterloo, Ontario
Canada, N2L 3G1
E-mail : beforres@math.uwaterloo.ca
Second author’s address: Department of Mathematical and Statistical Sciences
University of Alberta
Edmonton, Alberta
Canada, T6G 2G1
E-mail : vrunde@ualberta.ca
URL: http://www.math.ualberta.ca/∼runde/
16
